Asymptotic relationships between Dirichlet series  by Borwein, David
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 147, 604-609 (1990) 
Asymptotic Relationships between Dirichlet Series* 
DAVID BORWEIN 
Departmen of Mathematics, The b’nicer.sir~ of F’b~rern Onrario. 
London, Ontario. Cunada N6A 587 
Submitted by Bruce C. Berndl 
Received September 26, 1988 
It is shown, inter alia, that under certain conditions the asymptotic relationhip 
,i, a,s,,e-““‘-I $ a,emi”’ as x+0+ 
t/ = 1 
between two Dirichlet series implies the same relationship with i, replaced by j.t, 
o<c< 1. (‘1 1990 Academic Press. Inc. 
1. INTRODUCTION 
Suppose throughout that I. := {A,,} is a strictly increasing unbounded 
sequence of real numbers with Jr 3 0, and that a := {a,) is a sequence of 
non-negative numbers such that 
f a,, = co, and d(x) := f a,eP’fl’ < CC for all x > 0. 
n=l II= I 
Let { sn} and { un} be sequences of complex numbers. The Abelian sum- 
mability method A, (see [6, p. 711) and the Dirichlet series method Di,(, 
(see [ 31) are defined as follows: 
.z, u, = l(A) if ,,i, u,e ‘fl.’ 
is convergent for all x > 0 and tends to I as x -+ 0 + ; 
5 
is convergent for all x > 0 and 
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When %, := n, the method A, reduces to the Abel method A, and the 
method D,,, reduces to the power series method J, (as defined in [2], for 
example). 
From now on we assume that p := {Pi}, where ,u,, := ,I:, 0 < c < 1. 
The purpose of this note is to prove the following two inclusion 
theorems for the Abelian and Dirichlet series methods respectively: 
THEOREM A. Suppose that C,“= 1 u, = l(A,), and that C,“= I u,ePP’“” is 
convergent for all x > 0. Then C,“=, u,, = /(A,). 
THEOREM D. Suppose that s, + l(D,,,), and that C,“=, a,e-‘“’ and 
c,“=, ad,,e -W are convergent for all x > 0. Then s, + Z(D,,,). 
The case 1, := np, p > 0, of Theorem A is due to Cartwright [S]. An 
alternate proof of this case appears in [6, Appendix V]. The versions of 
both Theorem A and Theorem D with ,M, := log A,, I, > 1 are also known 
([6, Theorem 281 and [4] respectively). 
2. A PRELIMINARY RESULT 
Let g(x) :=e-“. Then g(O+)= g(0) and, for x>O, g’(x)= -cx”-‘g(x), 
so that 
-c i: 
k=l 0 
; (-1)“(1-~)(2-c)...(k-c)x’-~~‘g(~-~)(x). 
Since 0 < c < 1, it follows by induction that 
( - 1)” g’“‘(x) > 0 for x>O,m=O, 1,2, . . . 
i.e., e x ‘ is completely monotonic in [0, co). Therefore, by Bernstein’s 
theorem [l, p. 561 (see also [7, p. 160]), 
s 
r: 
e 
~ l-1 = e -.” da(t) for x 3 0, 
0 
and hence 
e 
- Pd - 
- e s 
oz 
- j.,.Y'/'l dcc(t) for x 3 0, 
0 
(1) 
(2) 
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where a(t) is bounded and non-decreasing in [O, a). The integrals are nor- 
mally interpreted in the Riemann-Stieltjes sense, but since it follows from 
(1) that e-‘I 3 a(O+ )-cc(O) 3 0 for all x > 0, and hence that a(O+ ) = a(0). 
we may assume that a(t) is right-continuous on [0, cc) and interpret all 
integrals involving da(t) in the LebesgueeStieltjes sense as follows: For 0 d 
a < b. 
?r” da(t) := j da(c) = cr(b+ ) - a(a+ ) = a(b) - u(a) 
0 (a.bl 
and 
the integrals over (a, b] being Lebesgue-Stieltjes integrals. Further 
s uK f(t) da(t) := lim bum J*bf(t) Mf) (1 
whenever the limit exists. 
3. PROOF OF THEOREM A 
Suppose that x > 0 and define 
f(x):= f 24,ec’“.‘. 
n=l 
It follows from (2) that, for 6 > 0, 
the inversion being justified because the series 
is uniformly convergent for t > 0 (see [6, p. 761) and J-0” &(f) = 1. 
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Further, the hypotheses of Theorem A imply that f(l) is bounded on 
(0, co). Letting 6 + 0+ in (3), we obtain, by the Lebesgue-Stieltjes 
theorem on dominated convergence, that 
and hence that 
4. PROOF OF THEOREM D 
Suppose that x > 0 and define 
q5Jx) := f a,s,eCA”“, t)(x) := f a,epp’““, 
n=l n=I 
It follows from (2) that 
+(x1 = I,x ngl aMe -&J”ct &(t) = loa f$(x”‘t) dcqt), (4) 
the inversion of summation and integration in (4) being justified because 
all the terms involved are positive. Next, it follows from (2) that, for 6 > 0, 
the inversion being justified in this case because the series 
If a,w 
- i.,.x’irt - hi., 
n=l 
is uniformly convergent for t > 0 (see [6, p. 761) and j; dc$ t) = 1. 
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Further, the hypotheses of Theorem D imply that, for fixed positive .\- 
and all positive t and S, /~$,(x”‘t + S)i < M~(.Y’ ‘t+ 6) + M< M&s’ It) + 
M, where A4 is a positive number independent of t and 6. Letting 6 --f 0+ 
in (5) we obtain, by the LebesgueeStieltjes theorem on dominated con- 
vergence, that 
It follows that 
$,y(x) 1 % -=- 
i $(x1 Icl(x) 0
(75(t) a(t) &(x-‘/‘r), where o(t) := E. 
t 
Suppose without loss of generality that I = 0, i.e., that c(t) --+ 0 as t -+ O+. 
Since C,F=, urr= co, we have that $(x) -+ io as x -+ O+. Further, 
X:,“= ,a,,s,,e ‘J is uniformly convergent for t 3 S > 0, so that 14,s(t)l d M, 
for t 3 6 ~0, where M, is a positive number independent of t. It follows 
from (4) and (6) that 
and hence that $,Y(x)/$(,~) -+0 as x --f O+. 1 
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